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THE NOETHER-ENRIQUES THEOREM ON CANONICAL CURVES
UDC 513.015.7
V.V.SOKUROV Abstract. The principal result of the present work consists in the proof that an intersection of quadrics passing through a canonical curve is a reduced variety. The possible cases when the intersection of quadrics does not coincide with the curve itself are also examined in this article.
Figures: 1. Bibliography: 8 references.
Max Noether considered in [7] the space Φ Enriques looked at Noether's result from a geometrical point of view (see [6] for Enriques' results). We shall consider a curve C, the image of X under a canonical transformation. It is well known that C is isomorphic to \ in the nonhyperelliptic case. We will assume in what follows that X is not hyperelliptic. A relation of degree i between regular differentials corresponds to a form of degree i passing through C. Enriques proved that the number of linearly independent quadrics passing through C is equal to {g -2) (g -3)/2. This corresponds to Noether's result on the number of independent relations of the second degree for regular differentials. Enriques then looked at the intersection of the quadrics through C, and showed that in it will be found only the points of C, or a surface of degree g -2.
In the present article, the results of Noether and Enriques will be examined in connection with the theory of schemes. The principal portion of the article is devoted to proving that the intersection of the quadrics through C is a reduced scheme. It coincides with C, or is an irreducible surface.
The author is grateful to A. N. Tjurin for the use of an unpublished manuscript, and also to Ju. I. Manin for posing the problem. §0. Formulation of the problem and some basic results Let k be some field; all our varieties and schemes will be defined over k. Let us denote by X a complete nonsingular curve of genus g > 3. The curve will be assumed nonhyperelliptic. Then it is well known that we have a canonical immersion where Ω-^ denotes the sheaf of regular differentials of X over k. Let C = κ(Χ). To avoid the inhibiting effect of too complicated a notation, we will put P 8~ = Proj (S(H (Χ, Ω^))). The basic properties of the canonical immersion will be recalled at the start of §2.
Let us denote by Q the closed subscheme of the space P g~ whose ideal is generated by the forms of degree 2 in the ideal of the curve C. It is the purpose of this article to study the basic properties of the scheme Q. The principal results are contained in the following theorems.
Theorem 1. a. Q is a protective variety; that is, Q is a reduced irreducible
closed subscheme of P g~ .
b. The dimension of Q is either 1 or 2.
C //dim Q = 1, then Q = C.
d. If dim Q = 2 and g ^ 4, then Q is a smooth surface of degree g -2.
In this situation, only the following possibilities can arise. ,g-4J; η = g (mod 2). Definition. Curves X for which dim Q = 2 will be called special. 
Q -Ρ t i n which case we have the following exact description of the immersion of Ρ in

As in the previous case, the immersion of F in
b. // k is infinite and η satisfies the relation (1), then there exists a special curve X of genus g such that Q -F .
We will assume throughout the sequel that g > 4. The proof of the theorems in case g = 3 presents no difficulty. We will further assume that k is algebraically closed. It is clear that the validity of Theorems 1 and 2, and of part a of Theorem 3, is independent of this assumption. The proof of part b of Theorem 3 is given in §9.
Essentially it relies only on Bertini's theorem for hyperplanar sections, which holds when k is infinite.
The following propositions lie at the foundation of the proof of Theorem 1. Multiplication by the local equation of Η is injective on /, since it is a subsheaf of 0 . Let ZCP" be the subscheme determined by the ideal /.
Proof. Let X € P n and let / be the local equation for Η at the point x. Then, tensoring the exact sequence with 0 /f . 0 pri -0 ,,, we obtain an exact sequence
The arrow on the right is injective since / is not a divisor of 0 in Ο ζ (/ is invertible on all prime ideals associated with 0 _), and we therefore obtain that Torj (0 H , 0 ) -0. The lemma is proved.
Tensoring the monomorphism / C* O pn of sheaves with ()" we obtain a homomorphism φ: 1 <8> 0,, -* ()". In the general case this homomorphism will not be an immersion, but if it is, then, identifying the sheaf / ® 0 H with the image /^ C 0^, we obtain a quasi-coherent subsheaf 1^, namely, the sheaf of ideals in 0^. The following lemma indicates a sufficient condition that the above homomorphism be a monomorphism. Proof. Consider the exact sequence 0-/->O p!I -*Oz-*0 and tensor it with 0 · then with the aid of Lemma 1.1 we obtain that
The lemma is proved.
In what follows, it will be necessary for us repeatedly to carry out restrictions of a certain scheme Ζ C P 2. Let Υ be a projective variety lying in Ρ and having the following properties:
1) Υ does not lie in any hyperplane, and dim V > 1.
2) The ideal of this variety is generated by forms of degree not less than n.
3) The intersection of the forms of degree n, as a topological space, coincides with y.
We will denote by S the intersection of the forms of degree η of the scheme V.
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V. V. SOKUROV Condition 3) means chat S fed = Υ. The purpose of the present section is to prove the following lemma, which gives a sufficient condition that 5 = V.
Lemma on reductibility. S = Υ if there exists a hyperplane Η such that S f] Η is a reduced scheme, or, in other words, S is reduced if S f] Η is reduced for some hyperplane H.
A refinement of this is Lemma 1.4, which is actually a criterion for the reducibility of the scheme S.
Lemma 1.4. Υ = S if and only if Υ f) Η = S f| Η for some hyperplane H.
Proof. The assertion in one direction is obvious, so let us assume that there exists a hyperplane Η such that Υ f] Η = S f] H. Let F be some form on P N such that F(Y) -0; then it is evident that deg F > «. We will prove by induction on deg F that F is generated by forms of degree n. In the case when deg F = n, this is obvious by hypothesis. Let deg F > n, and let us consider the restriction of F to H. This is a form / which, since Υ f] Η = S f] H, is expressed by means of forms of smaller degree restricted to H; that is, we ca'n assume that F = 0 on H. Hence F = F' . h, where h is the equation of the hyperplane H, a form of degree 1. It follows from property 1) of the scheme Υ that F'{Y) = 0. Furthermore, deg F' < deg F, whence F is generated by forms of degree n, by the inductive assumption. Hence the same is also true for F. This shows that the ideals of the schemes S and Υ coincide; that is, S •=. Y. The lemma is proved.
3. We will elucidate in this section those problems involved with the choice of of a hyperplane, in some sense "good" as regards restriction, and also prove that for a certain class of closed subschemes of p n , general hyperplane will be "good'.' Deduction of the lemma on the choice of a "good" hyperplane from Lemma 1.5. We shall denote by C{n -l) the {n -l)-fold symmetric product of the curve C; then C{n -l) is a variety, since C is an irreducible reduced curve, with dim C{n -l) = η -1. Let us consider the reduced subscheme C C C(n ~ l) χ Ρ η , whose isolated NOETHER-ENRIQUES THEOREM Deduction of Lemma 1.5 from Lemma 1.6. We will prove Lemma 1.5 by induction on η > 2. For η = 2 the assertion of Lemma 1.5 follows from the fact that, for any plane reduced curve, there is a line transversal to it.
Let us assume that Lemma 1.5 is proved for η < k, and let C be a reduced irreducible curve generating Ρ , k > 2. By Lemma 1.6 there is a point χ on C such that there are only finitely many lines passing through χ and having an intersection with C of index not less than 3. Let us consider the projection π of the curve C from the point χ onto some hyperplane Η, χ £ Η . Let C be the closure of the image of C under n. C is a reduced irreducible curve of degree deg C -1 which generates H. By the inductive assumption there is a hyperplane £ in Η such that Ε ' C = Σ-1? ~ y -i where the y. are deg C distinct isolated points of E' among 368 V. V. SOKUROV which are k -1 points such that (E" · C 1 ) = k -1, E" being the projective subspace of codimension 2 in Η generated by these k -1 points. Consider the hyperplane Η passing through χ and Ε . It is easily shown that this hyperplane is of the desired type. Lemma 1.5 is proved.
Proof of Lemma 1.6. For η > 4 there is a point χ € P n such that the projection of C from this point is an isomorphism. If Lemma 1.6 were false for C, it is also false for its image under projection from the point x. In order to prove Lemma 1.6, it is thus sufficient to prove it for η = 3. The proof for this case can be found in [8] (page 289). Lemma 1.6 is proved. §2. Computation of the cohomology of the twisted sheaves of the sheaf of ideals of a canonically immersed curve Let us consider a canonical immersion of a curve X
The mapping κ has the following properties: i) By the definition of κ, κ*(Ο ρ (ΐ)) = Ω^, and so deg C = 2g -2. ii) C generates the space P g~ . We shall denote by / the sheaf of ideals of C.. This section is devoted to computing the cohomology of the twisted sheaf /(«). The result obtained in this connection yields the following assertion. 
Deduction of Theorem 2.1 from Proposition 2.1 and Lemma 2.1. For arbitrary η € Ζ consider the exact triple 0 -* / ( n ) _ Op (Λ) -> κ φ (Ω|") -> 0 and the cohomology sequence corresponding to it
Since RKX, Ω® Π ) -0 for i > 2 and //'(P 8 " 1 , O p (n)) = 0 for j^O,g-l, we obtain from this sequence that //'(P 8 " 1 , /(«)) = 0 for ζ ^ 0, 1, 2, g -1. We also
To complete the proof of Theorem 2.1, it remains for us to compute the zeroth and first cohomology groups, this being the most difficult part of the proof. We remark that all the other cohomology groups have been calculated without using Proposition 2.1 or Lemma 2.1, with the result that a part of Lemma 2.1 and a part c) of Proposition 2.1 have been proved in the process. Let η = 0 in the sequence ^2.1); then 
we have dim Η (P g~1 , /(l)) = 0. The lemma is proved.
, Op(«)) = 0. Taking the alternating sum of the dimensions of the first four terms of the exact sequence (2.1), we obtain that
For η > 2, this equation yields the following identity:
3)
With the aid of (2.3) and the following lemma, we will prove Proposition 2.1 by induction on η > 2. Deduction of Proposition 2.1 from Lemma 2.2. Part c) was proved in Theorem 2.1, and so it remains to prove parts a) and b); these will be proved simultaneously by induction on n.
Let η = 2. It follows from the lemma on the choice of a "good" hyperplane that there exists a hyperplane Η such that Η · C = Σ , g χ., where the χ .
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are deg C distinct points situated in general position on H. The sheaf of ideals Ι μ is defined by the Corollary in §1 to be the restriction of the sheaf of ideals /. Let Μ be the closed subscheme of Η which corresponds to the sheaf of ideals /". By the choice of the hyperplane Η it is clear that the conditions of Lemma 2.2 are fulfilled, and so inequalities (2.4) and (2.5) hold for η > 3· By the proposition on the restriction in §1 we have the immersion (1.5), and thus dim tf° (P g~\ / (2)) < dim H° (H, I H (2)).
.
According to (2.3) for η = 2, we obtain that
his proves the first step of the induction (72 = 2).
Let us assume that parts a) and b) of Proposition 2.1 hold for η < k. By applying the proposition on the restriction for η = k, we obtain an exact sequence By the inductive assumption, dim W (P g~ , l(k)) = 0. Hence
We remarked earlier that inequality (2.5) is satisfied for η > 3, and since k + 1 > 3 we can use the inductive assumption for the zeroth cohomology groups and inequality (2.5)
The reverse inequality is contained in (2.3) for η = k + 1. This completes the induction, and the proposition is proved.
Proof of Lemma 2.2. Let X be some reduced scheme which is a closed subscheme of M; then we have an exact sequence
which induces the following immersion:
This allows us to reduce the lemma in the first case to a reduced scheme X.
consisting, as a topological space, of 2g -3 isolated points lying in general position, and in the second to X-_-. For any point of X _ there exists a quadric Q which contains the remaining 2g -4 points and does not contain this point. (To see this, it is sufficient to break up the 2g -4 points arbitrarily into two groups of g -2 points
and to draw hyperplanes Η and Η through each of these groups, whereupon we obtain from the fact that the 2g -3 points of X 2 _ are in general position that
is the desired quadric.) This means that for any point χ 6 X there exists among the global sections Γ(Χ.
,, 0 v (2)) a section / such that / is the image of
image of some quadric under the restriction isomorphism to X :
Res :
Also, Ker (Res) = Γ(Ρ^~2, / ν (2)), since X_ . is a reduced scheme. Hence
Inequality (2.5) is proved analogously; to do this it is first of all necessary to show that the image of the space Γ(Ρ 8~2 , Ο ρ {η)) under restriction to X 2 coincides with the space Γ(Χ, ., 0 v («)) for all η > 3. Lemma 2.2 is proved.
Some properties of schemes which* are intersections
Let Μ be a closed subscheme of the projective space P
8~
having the following properties:
ct) There exist 2g -2 isolated points in Μ which lie in general position in P
8~2
β ) The ideal of the scheme Μ is generated by quadratic forms and
where /w denotes the sheaf of ideals of Λ1. In this section we will study the properties of such schemes Μ which contain not less than 2g -1 isolated points; the result of this study is expressed in We will denote by G a projective irreducible reduced curve of degree g -2 which generates P
8~
. To prove Theorem 3.1, we will need certain properties of G contained in the following lemma. , it follows from the fact that k < g -3 that supp(f/ · G) consists of not more than k + 1 points which lie in general position in H. a) (continued). We will carry out the proof of uniqueness by induction on g > 4. For g = 4, this is a well-known fact from analytic geometry. Assume the assertion 374 V. V. SOKUROV to be proved for g < k; we will prove uniqueness for g = k + 1. Let us suppose that there exist two curves G and G passing through k + 2 isolated points and let χ and y be two of these points. Consider the projections of G and G from χ onto a hyperplane Η not passing through x. It is evident from the inductive assumption that the images of these curves must coincide. Let G Φ G ; then there is an isolated point χ 6 G through which G' does not pass; that is, χ j£ G.' Consider the line through χ and Xj. Since the images of G and G under projection coincide, there is an isolated point y^EG f| xx l different from both χ and χ l . By property (SG), y l fi G. Drawing the lines through χ., y and y., y, we obtain isolated points y € G f| χ y and x_ € 6 Π )Ί>· ^ is clear that x, y, χ , χ lie in one plane and belong to G. Since k -2 > 2, this contradicts property (SG). The proof of part a) of Lemma 3.1 is complete,
c) The proof of this part is based on the following lemma. 
Deduction of part c) of Lemma 3.1 from Lemma 3.2. Consider the exact triple
where D = Η -G is an effective divisor of degree g -2 on the curve G. This short exact sequence induces the following exact cohomology sequence:
We know that the genus of G is equal to 0 (this can be proved, for example, from the property (SG) for hyperplanes). Then, by the Riemann-Roch Theorem, dim 2) we thus obtain the G inequality dimH°C onsider the closed subscheme G' C P 8~2 whose ideal is generated by the forms of degree 2 contained in the ideal of the scheme G. By the lemma on the choice of a !< good" hyperplane in §1, there exists a hyperplane Η such that Η · G = Σ?^ χ^ , where the x. are distinct isolated points lying in general position in H. Since G is irreducible and generates ρβ~2 } i t it clear that dim tfo (P £-2) IG , (2) .
By the proposition on the restriction (see §1), this yields the inequality
The next step ·η the proof of part c) will be to prove that G , '= G. Since this is obvious for g = 4, we can assume that g > 5 for this step. Proceeding by the method of contradiction, let us assume that there exists an isolated point χ € G with χ f£ G. We assert first of all that there is a hyperplane W passing through χ which does not touch G; that is, H^ · G = ^J, x-, where the x. are distinct isolated points, lying in general position by property (SG) Consider the lines passing through χ and a point of G. Let one of these touch G or intersect G in two points. Then G contains isolated points of G and this line L. Let us consider then the generic hyperplane, for which Η fl (G U L) = {*·!·_, ... _ (J {yl, where the x. are isolated points of Η lying in general position, and y is an isolated point not coinciding with any of the χ.. Consider the scheme G fj Η = G f| H; it consists of g -2 isolated points, which leads to a contradiction. We have shown that any line passing through x intersects G in exactly one point. The projection π of G from χ onto some hyperplane Η is thus a regular immersion. By the lemma on the choice of a "good" hyperplane there exists a hyperplane Hj not tangent to TAG). There corresponds to it a hyperplane Η pas sing'thro ugh χ and not tangent to G. This proves the existence of a hyperplane Η. transversal to G and passing through x. By Lemma 3.2 the scheme G f| H. consists of g -2 isolated points, contradicting the supposition that χ j£ G. Thus We show first of all that the points \x \ (J \x\ lie in general position in P 8~2 .
Let us assume the opposite; then there is a hyperplane Η in P 8~ which contains the points Λ^. (z = 1, 2, · · · , g -2) and x. Considering the scheme Μ f] Η and using Lemma 3.2, we obtain a contradiction since dim//°(//, I MnH (2) )
and so the restriction of quadrics to this hyperplane has no kernel, by which we mean that among the quadratic forms of the scheme M. there is no form q for which q\ H =0.
In fact, if we assume that there is a q € Γ( is exact, where by S" {J W we mean the reduced scheme whose points comprise the set-theoretic union of those of the scheme S" and of W. From Lemma 3.2 we obtain On the isolated points of the variety G C G" not lying in W, we define the mapping φ: G -» Ρ which associates with an isolated point χ £ G lying outside W the hyperplane determined by the space W and the point x; that is, φ is a rational morphism. By property (3.7) of the intersection G" f) Η it is clear that we have dimG < 1; that is, G is a protective curve lying outside W. For a generic hyperplane passing through W, Η p| G contains a point lying outside W. Since the dimension of each irreducible component of G" is not less than 1, red G" = W \J G. Hence G 3J" and so G generates P
and degG >g-2.
We will prove that degG = g -2. Let us assume the contrary; that is, let degG > g -1* Applying the lemma on the choice of a "good" hyperplane, it is easy to prove that there is a hyperplane Η with the following properties: Η does not pass through We have proved that through any g + 2 = [{2g -I) -{g -3)] points of J there passes a reduced irreducible curve G of degree g -2. By part a) of Lemma 3.1 we know that there is a curve G passing through 2g -1 isolated points of J. Since S is a closed subscheme of G, we have an immersion^ X i' X -^ ^s easy to compute that in this case the number of independent quadrics defining M' is not more than (n + 1) η/2. Μ' is thus defined by the (n + 1) n/2 quadrics Q.. = X..X.(i/ /')· Let y = (ATJ, . . . , χ ,) be an isolated point of M*. If it has two nonzero coordinates x { and x., then y £ M, since Q z -(y) =x. · x. ^0. Then, as a topological space, Μ consists of η + 1 isolated points which represent basis points. We will prove that Μ is a reduced scheme. To do this it is clearly sufficient to show that any form which vanishes on the basis points is generated by the quadrics Q ... The verification of this fact does not present any difficulty. The lemma is proved.
In this section we investigate the structure of the scheme Q ,. The definitive result is the following. The proof of this theorem in the case g -4 is obvious, and so it will be assumed in the rest of this section that g >' 5. 
Proof of Proposition 4. By its choice, the hyperplane Ε is not a tangent, and so it is generated by the isolated points {x \ = C η E. Hence # (M") > 2.
The exactness of the sequence 
, dim//°(//', ^#(2)) = (g -3)(g -4)/2; that is, dim H° (Ε, Ι Μ (2)) = dim H° (E, I EnQ (2)).
The last equation means that Γ(Ε, ^Μ(2)) = Γ(Ε, / £nQ (2)), and so dim //° (//', 7 Qnw , (2)) > (g-3) (fir-4)/2.
It then follows from Theorem 3.1 that dim//' f] Q > 1, whence dim Ε p| Q > 1.
We will now prove that the cases # (M") = 3,4 are impossible. In fact, in these cases we have dim H°{E, /""(!))= g -4 or -g -5, since 0 and any g -2 points of The inequality dimtf°(E, / M (2)) < (g -3)(g -2)/2-1 contradicts Theorem 2.1, since
we have the immersion Γ(Ι*-\ / Q <2))~r(£,7 Qn£ (2)) Q Γ(£, 7^ (2)).
We now consider the case when 5 < # (M") < g -2 (clearly, # (M") < g -2 in any case). Then g + 1 < # (M') < 2g -6. In this case, by Lemma 4.2, dim 77° (//', 7 ΛΓ (2)) = since the isolated points of M" are in general position in E. We thus obtain from in-
which also leads to a contradiction. Therefore these cases are also impossible.
Summarizing what has been said above, we obtain that dim Q f] Ε > 1 in all possible cases, and, more precisely, there is an irreducible reduced curve L C Q f] Ε passing through 0. Hence L ^ C; that is (by Lemma 4.1.), there is an irreducible reduced surface S C Q passing through L and C, and so also through 0. The proposition is proved. Deduction of Proposition 5.2 from Lemma 5.3. The proposition will be proved by contradiction; suppose J is not connected and consider the following cases.
Case I. There exist vertices bj^, · · · r 6 Z -, where 2 < η < g -3, forming the vertices of some connected component of J . To the vertices bj, , · · · , bj there corresponds, by Lemma 5.2, a subbasis \Qi a in\ which is proper since η < g -3. Hence every quadric Q.
is a subbasis; that is, a i • = 0 for k Φ i a , i*. Since the vertices 6 Z -,, • · · , b{ form a connected component and η > 2, there are two connected vertices b{ , b{o; that is, there exists a p (1 < p < g -2), not equal to z' a or in, such that the quadric Proof. By Theorem 3.1, Μ is a reduced irreducible curve which generates P 8~ .
Since Q J ., is equal to zero on all points of Μ lying outside H, we have Q Proof. We can assume without loss of generality that the proper subbasis is dedefined by the indices Γ, 2, · · · , n, where 2 < η < g -3. Consider the projective sub-
given by the equations X 1 = · · · = X _., = 0. To every point Consider Λ1 = Μ \ {έ» ρ···>&_ 2 1, where Μ consists of (2g -2) isolated points of Μ lying in general position; these exist by hypothesis. We will prove that Μ consists of these g + η isolated points lying in general position. In fact, if this were not so, there would exist η + 1 points
such that the vectors %. = I o. for i Φ j and 1 < i, j < n\ that is, through the points of Μ there pass η {η -l)/2 quadrics of the subbasis and the number of points in Μ' lying in general position in P n is equal to g+n>n+3 + n>_2n+3. By Theorem 3.1 the quadrics Q.. for 1 < i < j < η define in P n a reduced irreducible curve which generates P n . Then, by Κ DM, and so it contains 2g -2 isolated points lying in general position; in proving Theorem 3.1 (see the deduction of Theorem 3.1 from Lemma 3.1) it was shown that Κ' , = G (J Η', where G is an irreducible curve of degree g -2 generating P 8 It is evident that G passes through all the points of Μ lying outside Η ; that is, it passes through at least (2g -2) -(g -3) = g + 1 points. Under projection of the curve G onto the hyperplane Η, it is easy to prove that its image n(G) is an irreducible curve of degree g-3 generating H. The curve v{G) passes through g points lying among the 2g -3 isolated points situated in general position in H. n(G) and G thus have g common points, and so TAG) = G by Lemma 3.1. This equality shows that dim Κ f| G > 1; that is, dim Κ f] K' = dim Μ > 1. Lemma 5.6 then follows from Theorem 3. The proof of part c of Theorem 6.1 will be based on the following proposition which will not be proved in the present article (its proof can be found in [2] , §10, Theorem 7). in Ρ . For char& 4 2, 3 it is easily proved that this curve is not hyperelliptic and that its image under the canonical immersion in Q is the singular quadric defined by the equation
In case k = 2, 3 it is also easy to construct a corresponding example. It will be proved in §9 that the case of a nonsingular quadric is realizable. Proof of Lemma 6.1. The hyperplanes passing through 0 and touching C form a closed subset in r*" which we denote by P. Consider the lines passing through 0 and some point χ 6 C. Since C is a curve generating P
8~
and g -1 > 3, only a finite number of lines passing through 0 touch the curve C (see [3] ), or a tangent line at the generic point of C does not pass through 0. Let χ € C; then P(x), the space of planes passing through 0 and touching C at x, will coincide with the space of planes passing through 0 and a tangent line at x. Hence dim P(x) = g -4 for the generic point χ € C, because a tangent line at the generic point does not pass through 0. At the remaining points x, which form a finite set, dim P{x) -g -5. Hence dim Ρ < g -3, and the dimension of the space of hyperplanes passing through 0 in P 8~ is equal to g -2, and so the generic hyperplane passing through 0 does not touch C. The lemma is proved.
We recall some properties of rational ruled surfaces which will be needed in the sequel for the investigation of the structure of Q in the case when Q is a smooth surface. A rational ruled surface is a rational surface F for which there exists a morphism /: F -> Ρ each of whose fibers is isomorphic to the projective line. It is well known (see [l] or [2] , for example) that every such surface is isomorphic to one of the surfaces F , η > 0, defined in the following way: F_ -Ρ χ Ρ ; F for η > 1 has a canonical section b: Ρ -> F^ whose image b is a unique irreducible curve on F with negative index of self-intersection and (b · b n ) = -n. It is easy to show that the fibers of the projection f: F -» Ρ form a linear equivalence class, which will be denoted by s . For each F we have an isomorphism of groups
The generators for η > 1 are the classes 5 and b , and for η = 0 they are classes of coefficients, one of which will be denoted by s Q and the other by b Q . It is easy to compute the canonical class of the surface
. Q is a smooth surface
In this section we will define a set of surfaces, to one of which Q is isomorphic if it is nonsingular, and also we will calculate the class of the curve C in Pic ζ>. Before proceeding to the proof of Theorem 7.1, let us recall a known result from the theory of rational surfaces; its proof can be found in [2] ( §10, Theorem 7), for example. Deduction of Theorem 7.1 from Proposition 7.1. Q is an irreducible reduced surface of degree g -2; let us assume that it is regular, so that we obtain from Proposition 7.1 the following possibilities: 1. Q ~ Ρ ; then g = 6 and Q is a Veronese image of the plane Ρ . Let η be the degree of C, immersed in the plane Ρ ; then g = 6 = {n -2){n -l)/2 by the formula for the genus of a curve of degree n. Hence η = 5, because η > 1; that is, the curve C, immersed in Ρ , will be a curve of degree 5. Since the curve G is rational, by the formula for the genus of a curve on a surface we have
where ωρ^ denotes the canonical class of the surface F =* Q. Equations (7.3) and (7.4) yield the following system of two equations for b and s:
since b = -n, s =0 and (b · s ) = 1. We transform the second equation of (7.5) making use of the first:
Multiplying the last equation by b and once again using the first equation of (7.5),
that is, 6 satisfies the quadratic equation We then obtain from equations (7.6) and (7.7) a system of two equations for the unknowns s and b:
We obtain from the first equation of this system that s = (2g -2) -b{g -η -2)/2 -4)6-6 2 (g-/z-2). To conclude the proof of Theorem 7.1, we will show that η satisfies the relations We will show that Q cannot be a ruled surface. To this end we examine the following cases. Theorem 8.1 is proved.
Remark. For the proof of sufficiency in part b it was shown that, if on a curve C of genus b there exists an effective divisor of degree 5 for which dim Η (C, 0 JD)) = 3, then dim Q = 2; that is, the curve C, the image under the canonical immersion of the curve X, will be a special curve. The author does not know whether Q is iso- The proof of Theorem 9.1 will be based on the following assertions. Deduction of Theorem 9.1 from Proposition 9.1 and Lemma 9.1. Let η satisfy the relations (9.1); then (g + η -2)/2 is an integer greater than n, and so the sheaf The line / is thus contained in every quadric passing through C; that is, / C Q } and so Q C 2 since the generators / mark the whole surface Q -F . Hence dim Q = 2 and Q = Q' -F by Theorem 4.1, and so there exists a special curve X of genus g such that Q = Q' -F for it. Theorem 9.1 is proved.
Proof of Lemma 9.1. Let Η be some hyperplane in P 
